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Occurrence of spacetime singularities is one of the peculiar features of Einstein gravity, signalling
limitation on probing short distances in spacetime. This alludes to the existence of a fundamen-
tal length scale in nature. On contrary, Heisenberg quantum uncertainty relation seems to allow
for probing arbitrarily small length scales. To reconcile these two conflicting ideas in line with a
well known framework of quantum gravity, several modifications of Heisenberg algebra have been
proposed. However, it has been extensively argued that such a minimum length would introduce
nonlocality in theories of quantum gravity. In this Letter, we analyze a previously proposed defor-
mation of the Heisenberg algebra (i.e. p → p(1+λp−1)) for a particle confined in a box subjected to
a gravitational field. For the problem in hand, such deformation seems to yield an energy-dependent
behavior of spacetime in a way consistent with gravity’s rainbow, hence demonstrating a connection
between non-locality and gravity’s rainbow.
It is very well known that a viable theory of quan-
tum spacetime reconciling principles of quantum physics
and Einstein gravity theory is one the foremost goals
of modern theoretical physics. Though both of these
frameworks work very well in their respective regimes,
however, a merger of principles of these two theories re-
sults in serious inconsistencies. One aspect of this con-
tradiction can be seen readily from Heisenberg’s uncer-
tainty relation and black hole phenomena. The famous
position-momentum uncertainty relation ∆x∆p ≥ ~/2,
posits that there exists no lower limit on ∆x. This implies
that arbitrarily small distances can be probed using suf-
ficiently high energy scales. However, GR predicts that
at sufficiently high energy, a black hole will be formed,
which would inevitably prevent the probing process. In
contradiction to quantum mechanics, a minimum length
(given by the Schwarzschild radius of the black hole to
be formed) must exist. Therefore, for any viable theory
of quantum gravity reconciling both quantum mechanics
and gravity, it must possess a minimum length. As a
matter of fact, such a notion of minimum length mani-
fests in almost all candidate theories of quantum gravity.
For instance, in loop quantum gravity it is not possi-
ble to define an area below a certain minimum[1]. Also,
in string theory, the fundamental string is the smallest
possible probe. Hence, it is not possible to probe the ge-
ometry of spacetime below the string length scale, which
introduces a minimum length to the theory [2–4]. In ad-
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dition, minimal length also manifests in many different
approaches to quantum gravity such as Asymptotically
Safe Gravity [5], conformally quantized quantum gravity
[6], and double field theory [7, 8].
While such a minimum length is widely believed to be
of the order of the Planck length, lp ≈ 10−35m, it may in
fact be several orders of magnitude larger than lp [9]. In
case this minimum length is much larger than the Planck
length, bounds could be imposed on its true value using
current experimental data [10, 11]. In fact, it has been
previously suggested that Landau levels and the Lamb
shift can be used to obtain bounds for such a length scale
[12]. Also, it has been suggested that an opto-mechanical
setup could be used to detect such a minimum length
[13]. The existence of such a minimum length in theo-
ries of quantum gravity has many implications, the most
important of which is that it introduces nonlocality in
the physical theories. In fact, it has been shown to be
the case in almost all approaches to quantum gravity, in-
cluding loop quantum gravity [14, 15], perturbative and
non-perturbative string theory [16–19] and the effective
field theories based on it [19, 20]. It is widely accepted
that quantum gravitational effects would break locality
at sufficiently high energy scales [21, 22]. Such nonlocal-
ity can be incorporated into quantum gravitational the-
ories via different deformations of the Heisenberg uncer-
tainty principle, and hence the Heisenberg algebra [3]. A
generic form of such an algebra is given by
[xi, pj] = i~[δ
i
j + f(p)
i
j ] (1)
where f(p)ij is suitable tensorial function that can be cho-
sen from a specific type of generalized uncertainty prin-
ciple(variously known as Gravitational Uncertainty Prin-
ciple or Extended Uncertainty Principle). This results in
2modifications in the coordinate representation of momen-
tum operator. For example, for a quadratic generalized
uncertainty principle(GUP), the modified operator rep-
resentation for momentum p is
p˜→ i~∂i(1 − λ~2∂i∂i) (2)
with λ as the deformation parameter arising from mini-
mal length considerations. In other words, p˜ is the mo-
mentum representation at ultrahigh energy scales which
reduces to standard quantum representation p = i~∂i∂i
in the low energy limit when λ → 0. By modifying
Heisenberg algebra via this momentum operator repre-
sentation, we can study the effect of nonlocality using
a semi-classical approach, where the gravitational field
is treated classically and the matter is treated quantum-
mechanically. Here we use the specific deformation of the
Heisenberg algebra where the additional term on right
hand side of uncertainty relation is a properly scaled lin-
ear inverse momentum proposed in [23]. We demonstrate
our result by invoking this modified momentum represen-
tation in the Schro¨dinger-Newton equation.
Let us consider an astrophysical body of mass M and
radius R. Let a probe in the form of a quantum parti-
cle (test particle) with energy E and mass m moves on
the surface of that astrophysical body. The Schro¨dinger-
Newton equation for this system can be written as
−~2
2m
d2ψ
dx2
+ V (x)ψ(x) = Eψ(x) (3)
We construct the system in such a configuration that this
situation can be approximated as a particle trapped in
an infinite potential well, with gravitational force acting
between the walls of that potential well. One can imagine
this situation by choosing a particular region of spacetime
near that astrophysical body. Further, this spacetime
has nonlocal features embodied in it, manifested through
the algebraic structure of modified Heisenberg algebra.
Thus, for this system, we can write the potential as
V (x) =
{
−kx, 0 ≤ x ≤ L
0, elsewhere
Here k = GmMR2 and L is the width of the infinite potential
well. Now this system can be deformed using the nonlocal
deformation of the Heisenberg algebra as [23]
p→ p(1 + λp−1)→ (p+ λ) (4)
where the parameter λ signifies the energy scale or the
extent of quantum gravity effects. Using this non-local
deformation, the modified Schro¨dinger-Newton equation
(Schro¨dinger equation with gravitational coupling) for
this system can be written as
d2ψ
dx2
+ 2iα
dψ
dx
+ β
(
x+
E
k
)
ψ = 0 (5)
where α = λ
~
and β = 2mk
~2
. Now we introduce u(x),
which is related to ψ(x) by
ψ(x) = e−iαxu(x) (6)
Thus, we can obtain the following equation for the sys-
tem,
d2u(x)
dx2
+ β
(
x+
E
k
)
u(x) = 0 (7)
Furthermore, we let s = −β 13
(
x+ Ek
)
and obtain
d2u(s)
ds2
− su(s) = 0 (8)
Thus, we can write the solution to this equation as
u(s) = C1Ai(s) + C2Bi(s) (9)
where Ai(s) and Bi(s) are the Airy functions of first
and second kinds, respectively, and C1 and C2 are two
constants. Now we obtain the following solution for ψ(x),
ψ(x) = e−iαx
{
C1Ai
[
− β 13
(
x+
E
k
)]
+C2Bi
[
− β 13
(
x+
E
k
)]}
(10)
Using the boundary conditions, ψ(0) = 0 and ψ(L) = 0
(as it is approximated by an infinite potential well, with
gravitational potential inside it), we obtain from above
ψ(x) = Ce−iαx
{
Bi
[
− β
1
3E
k
]
Ai
[
− β 13
(
x+
E
k
)]
−Ai
[
− β
1
3E
k
]
Bi
[
− β 13
(
x+
E
k
)]}
where C = C1
Bi
[
−
β
1
3 E
k
] .
We now consider the limiting case, where E →∞ (i.e.
for extremely high energies), which would imply that the
arguments of the Airy functions would approach −∞. In
this limit, the two functions Ai(x) and Bi(x) exhibit a
sinusoidal behavior, namely
Ai(x) ∼ 1√
2pix
1
4
sin
(2
3
|x| 32 + pi
4
)
(11)
Bi(x) ∼ 1√
2pix
1
4
cos
(2
3
|x| 32 + pi
4
)
(12)
as x→ −∞. Using this asymptotic behavior, we obtain
ψ(x) ∼ Ce−iαx 1
2pi
[
k
β2E
(
x+E
k
)
] 1
4
×
[
cos
{
2
3
∣∣∣βEk ∣∣∣
3
2
+ pi
4
}
sin
{
2
3
∣∣∣β(x+ Ek )∣∣∣
3
2
+ pi
4
}
− sin
{
2
3
∣∣∣βEk ∣∣∣
3
2
+ pi
4
}
cos
{
2
3
∣∣∣β(x + Ek )∣∣∣
3
2
+ pi
4
}]
(13)
3Now, applying the second boundary condition (i.e.
ψ(L) = 0) to the above asymptotic expression and re-
arranging, we obtain
cos
{
2
3
∣∣∣βEk ∣∣∣
3
2
+ pi
4
}
sin
{
2
3
∣∣∣βL+ βEk ∣∣∣
3
2
+ pi
4
}
= sin
{
2
3
∣∣∣βEk ∣∣∣
3
2
+ pi
4
}
cos
{
2
3
∣∣∣βL+ βEk ∣∣∣
3
2
+ pi
4
}
(14)
in the limit E →∞. Now, since the above equation holds
for all β, E, k and L that lie in the asymptotic region we
assume, we must have
2
3
∣∣∣βE
k
∣∣∣ 32 + pi
4
=
2
3
∣∣∣βE
k
+ βL
∣∣∣ 32 + pi
4
+ 2pin (15)
where n = 0,±1,±2,±3, ... Now, noting that β, E, k and
L are all positive, so we can express L as
L =
[(E
k
) 3
2
+
3pin
β
3
2
] 2
3 − E
k
(16)
where n ∈ Z, an integer. Next, we note that, for L to be
of positive-definite value, one must have
[(E
k
) 3
2
+
3pin
β
3
2
] 2
3
>
E
k
(17)
which upon using β = 2mk
~2
and ~ = 1, simplifies to
(
1 +
3pin
(2m)
3
2E
3
2
) 2
3
> 1 (18)
Obviously, (18) is not satisfied for zero and negative val-
ues of n, which rules them out as non-physical states.
Thus, only n = 1, 2, 3, ... are allowed. Now, since we are
adressing ultra-high energy limit, (16) could take a much
simpler form. To elucidate, using β = 2mk
~2
and ~ = 1,
we re-write it as
L =
E
k
(
1 +
3pin
(2m)
3
2E
3
2
) 2
3 − E
k
(19)
Obviously, the second term inside the brackets is ex-
tremely small, which enables us to Taylor-expand the
whole bracket up to first order, which, upon inserting
the value of k further simplifies to
L =
npiR2
GM
√
2m5E
(20)
Above relation indicates that box length is quantized in
an energy-dependent way, whilst gravity constant G en-
ters this quantization scheme. It puts a limitation on the
way we find the particle in the box. For a box length
different than what above relation implies, there is no
meaning to the existence of a particle. It must be empha-
sized here that box length is purely a geometrical aspect
and the box under consideration here is a hypothetical
region of spacetime. If this length is explicitly energy
dependent as seen in the above relation, then geometry
of spacetime as seen by the probe depends on its energy.
In view of the above result, it can be shown that that
the value of Newton’s constant becomes dependent on
the energy of the spacetime probe through the relation
(20). Hence, any metric geometry shall pick up the en-
ergy dependence. This energy dependent Newton’s con-
stant signifies the conjecture that the effective gravita-
tional coupling might depend on the energy scale and
satisfy a condition of renormalization group flow. This is
what is essentially entailed by the theory of rainbow grav-
ity. To put it simply, a particle of energy E propagating
in such a spacetime sees a geometry that depends upon
its own energy E. This results in a spacetime geometry
characterized by the metric[24]
gµν(E) = η
µνeµ(E)⊗ eν(E) (21)
where eµ and eν are orthonormal frame fields and E is
the energy of the probing particle. In fact, such a be-
havior of spacetime geometry can be motivated from the
the extension of Doubly Special Relativity[25] on curved
spacetime background, where the energy-momentum dis-
persion relation modifies as
E2f2(lplE)− p2g2(lplE) = m20 (22)
Here f(lplE) and g(lplE) are called rainbow functions
that depend on the energy of the probing particle with
lpl as Planck length. In this formulation, Einstein field
equations of GR (in c = 1 units) read as
Gµν(E) − gµνΛ(E) = 8piG(E)Tµν (23)
Note the energy dependence of Newton’s constant, G(E)
and cosmological constant, Λ(E). Such effects are much
more pronounced near the quantum gravity scale, for λ
in (2) is a deformation parameter, which essentially de-
forms the theory significantly near the this energy scale,
while preserving the familiar classical limit of GR at low
energies, implying both f(lplE) → 1 and g(lplE) → 1)
at low energies E. However, as the minimal measurable
length in string theory can be several orders of magnitude
above Planck scale, lpl = g
1/4
s ls [9], this energy can also
be several orders of magnitude below Planck energy (as
here β would also be several magnitudes above Planck
scale). This energy could be bounded by astrophysical
observations, and it would be interesting to analyze such
observations, and obtain certain bounds on the parame-
ters that signify energy dependence of the metric.
Meanwhile, to appreciate the impact of nonlocality
on particle dynamics and spacetime geometry, wavefunc-
tions for different values of n and λ are plotted in Fig.1
and Fig.2. As evident from Fig.2, the deformation pa-
rameter, λ, controls the allowable box lengths (acting
as the probing energy scale indicator). However, in the
scenario of ultra-high energy regime, energy dependence
of box length L is absorbed into particle energy E as
depicted in (20). Though the form of sinusoidal nature
4FIG. 1: Real part of ground, first and second excited states
for k = 1 and λ = 0.1
FIG. 2: Plot of real part of ground state wavefunction for
λ = 0.1, 0.5 and 1, where k = 1 for all cases
of box wavefunctions remain unaffected compared to the
conventional box physics, as can be seen from Fig.1, we
however observe the fall of amplitude for particle wave-
functions as the parameter λ increases. This is tanta-
mount to saying that particle becomes more and more
confined in a particular region of spacetime as the pa-
rameter λ increases. However, beyond a certain value
of λ, wavefunction might lose its meaning, given the oc-
currence of spacetime singularities or the existence of a
minimal measurable length scale. The above result is
potentially alluding to the breakdown of our present the-
ories to explain the nature of spacetime at the quantum
gravity scale.
Several quantum gravity approaches can be taken to
justify gravity’s rainbow emergence from nonlocality,
such as string theory. It is very known that due to
renormalization group flow in a quantum field theory,
the coupling constants flow and thus depend on the scale
at which the theory is probed [26, 27]. However, the scale
at which a theory is probed depends on the energy of the
probe. Therefore, the coupling constants depend explic-
itly on the scale at which the theory is probed and implic-
itly on the energy of the probe used to probe the theory.
Since string theory can be analyzed as a two-dimensional
conformal field theory, where the target space metric is
regarded as a matrix of coupling constants of the theory,
coupling constants should in turn depend on the scale at
which the theory is being probed. And since the scale
at which the theory is being probed is equivalent to the
energy of the probe, it can be argued from string the-
ory that the geometry of spacetime should depend on
the energy of the probe [24, 28]. Arguably, such energy-
dependent spacetime deformation should be manifested
in various other approaches to quantum gravity. For in-
stance, gravity’s rainbow has been motivated from the
results obtained in loop quantum gravity and κ-deformed
Minkowski spacetime [29, 30]. In addition, deformations
of the energy-momentum dispersion relation appear in
the Horava-Lifshitz gravity [31, 32], discrete spacetime
[33], models based on string field theory [34], spacetime
foam [35], spin-network [36], non-commutative geometry
[37, 38], and ghost condensation [39]. It may also be
noted that Greisen-Zatsepin-Kuzmin limit (GZK limit),
with which the Pierre Auger Collaboration and the High
Resolution Fly’s Eye (HiRes) experiment are consistent
[40], has been used to argue for such a deformation of
the energy-momentum dispersion relation [41, 42]. In
fact, several different tests have been proposed to experi-
mentally verify this idea [43]. In addition, an explanation
of the hard spectra of gamma ray bursts has been previ-
ously proposed [35]. Hence, there are strong motivations
of both gravity’s rainbow and non-locality from numer-
ous approaches to quantum gravity. In this work, we
have briefly demonstrated one such way by which grav-
ity’s rainbow could emerge from the nonlocality in space-
time.
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